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116 Review / Historia Mathematica 31 (2004) 115–124commentaire à la définition 21 du livre I. Récemment, Sonia Brentjes a découvert un manuscrit datant du
XIIIe siècle, à Qum, le codex Kita¯bkha¯na-i ‘Umu¯nı¯ 6526, qui contient un commentaire aux cinq premiers
livres des Éléments attribué à an-Nayrı¯zı¯. Ce manuscrit contient une partie des commentaires manquant
dans le Codex Leidensis. Par ailleurs, Sonia Brentjes a montré que dans le commentaire d’Ah
.
mad ibn
‘Umar al-Kara¯bı¯sı¯s (première moitié du Xe siècle; manuscrit de Bankipore, Patna¯, Khuda¯ Bakhsh 2034)
on trouve des citations mot pour mot du commentaire d’an-Nayrı¯zı¯.
Rüdiger Arnzen nous propose ici une édition arabe des commentaires aux définitions, postulats et
axiomes du livre I à partir du manuscrit de Qum, de l’édition de Besthorn/Heiberg pour les parties
existantes et des citations d’al-Kara¯bı¯sı¯s. Dans l’apparat critique, on trouve les variantes entre le texte
arabe et le texte latin édité par Tummers. La comparaison entre le latin et l’arabe est aussi facilitée par un
glossaire arabe–latin et un lexique latin–arabe. L’ensemble des textes utilisés sont longuement décrits et
un stemma est proposé. Enfin, l’auteur s’interroge sur le travail d’an-Nayrı¯zı¯ et sur le statut du texte qui
nous est parvenu. Ses conclusions sont les suivantes : le texte contient des traductions arabes de scholies
grecques ou des recueils de commentaires qui, soit ont été retravaillés et complétés par an-Nayrı¯zı¯, soit
ont été compilés par un successeur d’an-Nayrı¯zı¯ (un de ses élèves, par exemple) et contaminés par le
commentaire d’an-Nayrı¯zı¯.
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Plane and Spherical Polygons (1797)
Bodil Branner and Jesper Lützen, Eds. Copenhagen (Matematik-fysiske Meddelser 46:1), 1999
Jesper Lützen (Ed.). Around Caspar Wessel and the Geometric Representation of Complex
Numbers
Copenhagen (Matematik-fysiske Meddelser 46:2), 2001
There is no question that the (now) tiny kingdom of Denmark can claim its share of well-known
contributors to the development of the sciences in the 17th and 18th century. The great astronomer Tycho
Brahe (1546–1601) was born and raised on Danish soil and so was Olaus Roemer (1644–1710), the
discoverer of the finiteness of the speed of light. In biology and medicine, there were Thomas Bartholin
(1616–1680) and Niels Stensen (1638–1680). Yet, when it comes to the mathematical sciences, to any
observer at the end of the 19th century, the country would have seemed never to have produced anyone
of similar stature. The first lasting Danish contributions to mathematics had just been made by the likes
of Hieronymous Zeuthen (1839–1920) and Christian Juel (1855–1935). The mathematical community
that would nurture Poul Heegaard (1871–1948) and Harald Bohr (1887–1951) was just being built. Not
coincidentally, however, a keen sense of tradition was an important component of the making of this
same community. Had our observer been a mathematician, in the absence of a Danish Huygens or Euler,
he or she could have been counted on to cherish any past Danish feather to the crown of the mathematical
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Caspar Wessel (1745–1818). In 1797, Wessel had presented a long mathematical paper to the Danish
Academy of Science that contained some very interesting results. For whatever reasons, Wessel’s work
had never attracted much attention, but with hindsight it was clear that it essentially anticipated the
geometrical representation of the complex numbers by Gauss and others. Following up on Juel’s note,
the Norwegian mathematician Sophus Lie (1842–1899) republished Wessel’s paper in the same year
(1895), and two years later a French translation was published by Zeuthen. In the span of 2 years, Wessel
had been resurrected from oblivion and his contribution to mathematics had retroactively become part of
Denmark’s cultural heritage. About 30 years later, more or less the same process would turn Georg Mohr
(1640–1697) into an instant mathematical hero as well.
It might not come entirely as a surprise that little interest seemed to exist in the actual content and
context of Wessel’s work to the extent that it went beyond his contribution to the theory of complex
numbers. What seemed to matter most was that he provided the kind of noble lineage that the Danish
mathematical community had been looking for. Indeed, as the bicentenary of the publication of his work
on complex numbers was fast approaching, still very little was known about Wessel or even the exact
nature of his contribution to mathematics. The most recent editions of his famous paper were those of
Lie (in Danish) and Zeuthen (in French). It was rather felicitous, then, that on the occasion of the afore-
mentioned bicentenary, Jesper Lützen and Bodil Branner decided to organize a symposium on Wessel
in conjunction with a translation into English of the latter’s famous paper. Both the translation and the
proceedings of the symposium are now available as a double volume of the proceedings of the Danish
Academy of Sciences and Letters.
The translation of Wessel’s one purely mathematical paper, “On the analytical representation of
direction,” comes in one volume together with a biography of Wessel by Bodil Brenner and Nils Voje
Johansen and an analysis of Wessel’s paper by Kirsti Andersen. For those specifically interested in
Wessel’s work, this volume contains most of the relevant material. The companion volume contains
those papers presented at the Wessel symposium that are not directly pertinent to Wessel’s mathematical
work. Thus, there are a paper on Argand and complex numbers (Schubring), one on complex numbers
in Great Britain (Rice), and a number on generalizations of complex numbers (hypercomplex numbers
by Schlote and Lützen; quaternions by Archibald) and some other purely mathematical topics (Vieta by
Bekken; equipollences by Freguglia; representation of imaginaries by Rowe). The more mathematical
papers are supplemented by a set of papers of a less technical nature. Somewhat tangentially relevant,
there are two papers on Wessel’s relatives, apparently a very well known family in the Danish–Norwegian
monarchy. One paper discusses Wessel’s great-uncle Peter Tordenskiold, a naval hero. The other is
devoted to Caspar’s older brother Johann Hermann (1742–1785), a still well-known satiric poet of
rather Lichtenbergian mold. Finally, there are two papers on cartography. One discusses Wessel as a
cartographer (Kristensen); the other is on Heinrich Christian Schumacher (1780–1850), the Danish–
German editor of the Astronomische Nachrichten and contemporary of Wessel (Hamel).
The two papers accompanying Wessel’s work provide all the context needed to understand the text
itself. As Andersen points out, what Wessel essentially set out to do was to generalize the arithmetic
of parallel line segments (as set forth by Descartes) to arbitrary line segments in the plane and on the
sphere. Clearly this idea prefigures modern vector algebra and in fact much of what he does can be
easily phrased in modern terms, particularly in terms of rotations and dilations. Indeed, in the case of
plane triangles, when Wessel starts out by introducing a symbol ε with the magical property ε2 = −1,
he himself makes it very clear that ε is nothing but a shorthand to describe a rotation by π/2 (radians)
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then allows him to describe any rotation in the plane in exactly the same way complex numbers are
used for that purpose. Similarly, when Wessel broaches the solution of spherical triangles, the symbols ε
and η he introduces now are rotations by π/2 as well, in this case about axes that are perpendicular to
each other. For any triangle on the sphere (modulo a specific translation), he can now find six rotations
about these two axes that leave the triangle and hence the whole sphere invariant. In modern terms, this
gives him a matrix equality that sets the product of these six matrices equal to the identity matrix. By
“bringing over to the other side” one or more of these six matrices he ends up with a set of three matrix
equations. For the case of three matrices on each side, equating the matrix entries leads to a set of well-
known formulas including the classical spherical law of cosines as well as the spherical sine law. The
other matrix equalities, however, lead to formulas that are new and, according to Wessel, quite useful for
surveying purposes.
Clearly, transformations more than anything else were on Wessel’s mind when he wrote his paper.
This is not to say that he did not notice that his ε behaved exactly as
√−1 should. He actually did
and used this formal equality to look into a number of properties of complex numbers (De Moivre,
Cotes). In this sense, Wessel truly anticipated the geometrical representations of the complex numbers
by Argand and Gauss. In the end, however, he was only marginally interested in that aspect of his
work. This relative lack of interest in his own interpretation of the imaginaries in combination with
his formal equation of any complex number with a rotation combined with a dilation may also very
well account for the fact that his work on complex numbers never seems to have drawn the attention
of the mathematical community it deserved. Indeed, as Andersen makes clear, in the early 19th century
the formal analogy between the behavior of complex numbers and certain transformations would have
been considered only an illustration, not a justification of the existence of the former, and it was that
justification that the mathematical community was looking for. The equation of complex numbers with
certain transformations would only be made later on in the 19th century with the work of Von Staudt and
others (as discussed by Rowe in the proceedings volume).
As for the papers contained in the proceedings volume, it should be said that they show all the
characteristics of typical proceedings papers. They vary widely in style and depth, ranging from sternly
scholarly to decidedly chatty. The variety of topics makes for an interesting read, even as some of the
contributions seem to stray rather far from the main theme of the conference (at least two papers do
not even mention Wessel). Clearly, much effort has been made to ensure an overall good quality of
writing, although some of the contributions by nonnative speakers of English would have benefited from
a bit more editing. Much care has also gone into researching the illustrations, some of which are rather
amazing. All in all, the two volumes are nice to have. Together they add much to our knowledge about
Wessel and his role in the search for a representation of the complex numbers. The second volume
provides good introductions to many of the generalizations of complex numbers that were formulated in
the 19th century.
Do these volumes exhaust the topic of Wessel and the ramifications of his (mathematical) work?
Probably not. It would seem to me that there is more to be said about Wessel’s famous paper as a whole.
I worked my way through much of it and there is quite a bit more to it than just the representation of
complex numbers. Wessel’s approach to spherical trigonometry and his reduction of the basic formula
to one principle are equally interesting and should be studied in more detail. They certainly deserve the
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comeback in college geometry teaching).
Eisso J. Atzema
10.1016/j.hm.2003.07.005
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On April 1, 1967, a bibliographic note dealing with van Heijenoort’s Source Book, in the Library
Journal, ended with the following words: “this book will long remain a standard work, essential to
the study of symbolic logic.” This was obviously an overstatement, but easy to correct by inserting
three words—From Frege to Gödel has been and remains an essential tool in the study of the history
of mathematical logic, and even more, for the history and philosophy of logic and foundational research.
As Quine said:
[Van Heijenoort] made a contribution to mathematical logic that was second only to what Alonzo Church had contributed in molding
the Journal of Symbolic Logic itself. . . . For us it was a boon just to have these papers brought together, to have xeroxes in our hands
of the original German. But then, he did these painstaking translations and painstaking commentaries . . . a collaborative job, but very
largely Van’s own work.1
Thus, it should not come as a surprise that this source book has been reissued, after 35 years! There
are many reasons to welcome the new paperback edition, not least the low price, making it accessible to
interested students and to libraries throughout the world.
I believe everyone who cares about the topics mentioned above already knows and values highly van
Heijenoort’s achievement. The book did more than collect and make available to the English-speaking
public an impressively wide range of key works, in translations of very high quality. From Frege to Gödel
contributed to establishing higher standards for editorial work in collections on logic and mathematics, as
witnessed, e.g., by the Collected Works of Kurt Gödel, explicitly modeled upon its example.2 Particularly
noticeable is the quality of the editorial notes that introduce each paper, always clear, deep, and yet
concise. These were written by leading logicians and philosophers such as Quine, Wang, Dreben, and
Parsons, besides the editor himself.
The person responsible for producing this huge, admirable work was a professor of philosophy at
Brandeis University. There was more than met the eye behind his modest appearance, because Jean van
Heijenoort (1912–1986) had been intensely involved not only in logic, but also—to use his biographer’s
phrase—in politics and love.3 For seven years he was personal secretary and bodyguard to Leon Trotsky,
following him from France to Mexico through Turkey. In 1939 van Heijenoort settled in the United State,
and after Trotsky’s assassination and the war he went back to his first love, mathematics, doing graduate
1 Quoted in Feferman [1993, 281].
2 Feferman et al. [1986/1990, Vol. I, p. iv (preface)].
3 See the delightful biography by A. Feferman [1993].
